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Abstract Fatigue crack growth behaviour in pipes fundamentally differs from fatigue growth in shafts and 
flat plates. The aim of this paper is to give a better understanding of this phenomenon. In a first part of the 
paper, the general principles of the fracture mechanics are concisely described. The energy approach as 
well as the stress intensity factor (SIF) approach are explained. An analytical method, a numeric method as 
well as an experimental method to determine the SIF are discussed. Special attention is given to the 
experimental method. A theoretical model predicting the deflection of a pipe tested in a resonant bending 
test setup is evaluated and compared to experimental measured deflections. Several methods to measure 
the crack growth in a pipe during and after a fatigue bending test are discussed. In addition, an overview is 
given of results obtained by other authors in the field of fatigue crack growth behaviour of pipes. 
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1 INTRODUCTION  

Pipes and tubes are used in many constructions such as e.g. wind farms, offshore platforms and pipelines. 
Some of those constructions suffer from premature failure due to fatigue cracking, which is likely to occur 
around stress concentrations. It is therefore important to have a good understanding of the fatigue cracking 
behaviour around those stress concentrations.  

As a first part of this paper, general principles of fracture mechanics are briefly introduced. Subsequently, 
analytical, numerical and experimental methods to determine the stress intensity factor are discussed. A 
closer look is taken at a resonant bending fatigue test rig available at Laboratory Soete and possible 
methods to determine crack initiation and growth when conducting a test. Finally, experimental results 
obtained by several authors are discussed. 

2 DETERMINATION OF STRESS INTENSITY FACTOR 

2.1 Fracture mechanics concepts 

The fundamental theorem of the energy approach states that crack growth can only occur when there is 
sufficient energy to encounter the crack growth resistance of the material. The energy release rate J, which 
is a measure of the energy available for an increment of crack extension, can be expressed as a contour 
integral [1]. Consider an arbitrary counter clockwise path (Г) around the crack tip, as illustrated in Figure 1. 
The J contour integral is given by: 
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Where w is the strain energy density, Ti are components of the traction vector, which is a stress vector 
normal to the contour, ui are the displacement vector components and ds is a length increment along the 
contour Г. 

 

Figure 1. Arbitrary contour around crack tip [1] 



The theory of linear elastic fracture mechanics (LEFM), applicable to high cycle fatigue, can be formulated  
using the stress intensity factors (SIF) KI, KII and KIII, depending on the loading mode (see Figure 2). 

 

Figure 2. The three loading modes considered in LEFM 

When only considering a mode I load, the stresses in the proximity of a crack tip can be calculated using 
equation 4, where a polar coordinate system (r, θ) with origin at the crack tip is used [2]: 
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The stress intensity factor is related to the J integral as follows: 

E

K
J I

2

        (3) 

Where E is the Young’s modulus of the material. 

The rate of crack growth 
dn

da  can be calculated using the well known Paris law: 
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Where C and m are material constants. Alternatively, more advanced crack growth equations can be used 
[3].  

 

2.2 Analytical determination 

Analytical formulas to determine KI are available for a limited number of loading conditions and geometries. 
The main focus of this work is on semi-elliptical external surface flaws in pipes loaded with a bending 
moment. For such a case, the analytical formula is as follows [4]: 
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where a, t, c and ri are geometrical parameters, illustrated in Figure 3. The bending load is quantified by the 
global bending stress σbg at the outer fibre of the pipe. The factor fbg can be found in tabulated form [4]. 
However, numerical values of this factor are only available for a limited range of geometrical parameters. 



 

Figure 3. Geometrical parameters for a semi-elliptical surface flaw in a pipe [4] 

2.3 Numerical determination 

To overcome the limitations of the analytical method, use can be made of a numerical determination of the 
SIF. There are several ways in which this can be achieved. 

A first approach is by using a solution of the stress field in the proximity of the crack tip. The SIF can then 
be calculated using equation 6, which is based on equation 2 [5]: 
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Similar formulas can be obtained based on σyy and τxy. However, the need for an accurate solution for the 
stress components in the proximity of the crack tip imposes major limitations to this method. 

A second approach is based on energy considerations, using the contour integral for the energy release 
rate J, as given in equation 3. There is no need for an accurate solution in the proximity of the crack tip. 
This is a main advantage of this method, encouraging its use. 

A third and last numerical method makes use of a weight function. Rice [6] showed that two solutions for KI 
for the same geometry but different loadings, KI

(1)
 and KI

(2)
, are related by: 
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As KI
(1)

 and KI
(2)

 are arbitrarily chosen, KI
(1)

 can also be written as: 
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Where m(x,a) is a weight function. This weight function method is especially useful in the context of 
parametric studies. Since a parametric study is not the purpose of this work, the method based on the 
energy release rate J is preferred. 

2.4 Experimental determination 

A disadvantage of both the analytical and the numerical methods for determination KI is that the results do 
not necessarily represent the real situation. Therefore experiments are still required to verify the results 
obtained by these methods. 

The SIF can be obtained by measuring the crack growth when applying cyclic loads. The gathered data can 
be substituted in the Paris law (eq. 3) to determine the SIF. This method presumes the material constants C 
and m are known. 

For the execution of this method it is required to apply a well controlled load as well as to measure 
accurately the crack growth. Both issues are discussed in the remainder of this paper. 



3 RESONANT BENDING OF A PIPE 

To study the fatigue behaviour of a pipe, cyclic loading will be applied, using a resonant bending fatigue 
setup available at laboratory Soete (see Figure 4). This setup imposes a load on a pipe by subjecting it to a 
dynamic excitation with a frequency close to its natural frequency. This causes the pipe to come into 
resonance, which means that the pipe will deform according to a standing wave that rotates at the 
excitation frequency. 

A theoretical model to calculate the eigenfrequencies, eigenmodes and the deflection of the pipe at an 
applied excitation frequency, named the ‘Free Floating Pipe’ model, is developed in [7]. A first test series 
was conducted to verify the theoretical model for different excitation frequencies. The steel pipe has a 
diameter of 323,9 mm, a wall thickness of 12,7 mm and a length of 4,82 m. The eigenfrequency of the pipe 
was calculated to be 34,87 Hz. 

The excitation force is exerted by an eccentric mass, rotating at one of the pipe’s ends with different 
excitation speeds. Six different excitation speeds were applied. This resulted in a maximum bending stress 
ranging from 55 MPa to 169 MPa, for the lowest and highest applied excitation frequency respectively. The 
deflection of the pipe was measured using the photogrammetric system Pontos, making images of markers 
glued on the vibrating pipe, at a rate of 500Hz. The measurement with the Pontos system resulted in 
graphical as well as numerical data about the pipe’s deflection. The numerical data was processed and the 
deflection of the pipe at the six different excitation speeds was compared to the calculated deflection 
according to the theoretical model. As can be seen in Figure 5, the calculated and measured deflections 
agreed well. 

 

 Figure 4. Resonant bending fatigue setup [7] 
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Figure 5. Comparison between the theoretical deflection and the measured deflection at different excitation 
frequencies 



In comparison with the measured deflections, the theoretical model does predict a higher amplitude at 
frequencies close to the first eigenfrequency. This can be explained by the fact that the theoretical model 
does not take into account the damping of the pipe. 

At the highest excitation frequency, an increase in noise on the measurements can be seen. Its cause will 
be investigated in future work. 

The comparison between the theoretical deflection and the measured deflection learns that the theoretical 
model can give a good prediction of the deflection of the pipe, as long as the excitation frequency 
sufficiently differs from the first eigenfrequency of the pipe. 

4 RESULTS FROM LITERATURE 

Several authors already studied crack growth behaviour of pipes. It is general practice to assume that a 
realistic part-through crack a in thick-walled pipe can be modelled by a semi-elliptical shaped crack [8]. 

4.1 Numerical results 

A. Carpinteri et al. [8-11] performed finite element simulations of pipes with a semi-elliptical shaped crack 
under various loading cases. By studying the SIFs along the crack front, it was concluded that the 
maximum SIF can either be located at the deepest point or at the surface points of the crack. This depends 
on the dimensions of the crack relative to the pipe dimensions. Those relative dimensions are expressed 
through a number of dimensionless numbers: 
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respectively the relative crack depth, the crack aspect ratio and the ellipse shift ratio. The meaning of a, ael, 

bel and t can be seen in Figure 8. 

 

Figure 8. Dimensions of crack and pipe [11] 

When the crack aspect ratio α is higher than a certain transition ratio αt, the highest SIF along the crack 
front is located at the surface points (Point B in Figure 8). When the crack aspect ratio α is lower than αt, the 
maximum SIF will be found at the deepest point of the crack (Point A in Figure 8). The value of αt depends 
on the relative crack depth ξ, the relative wall thickness of the pipe R/t and the ellipse shift ratio s. 

With regard to pipes loaded by rotational bending, Carpinteri et al. found a value for the transition ratio αt of 
0,8 in case of a relative crack depth ξ=0,2, an ellipse shift factor s=1 and relative wall thickness R/t=1, 
indicating a thick-walled pipe.  When the relative crack depth was ξ=0,8 and the values for the ellipse shift 
factor and the relative wall thickness were unchanged, a value of 0,6 for αt, was found. 

In addition, their finite element simulations showed that the centre of the ellipse tends to shift towards the 
external circumference during crack growth for an initial ellipse shift factor greater than one [11]. 



 

Figure 9. Comparison of growth paths during rotary and cyclic bending [9] 

Carpinteri et al. also studied the crack growth during rotary bending and compared their results with those 
obtained for cyclic bending. Within the range of crack dimensions studied for pipes with a relative wall 
thickness R/t=1, the crack growth paths of both loading cases seemed to be almost coincident (See Figure 
9). 

4.2 Experimental results 

Singh et al. [12] performed four point bending experiments on pipes with diameter of 219mm and wall 
thickness of about 15,1 mm. The dimensions of the notches, according to Figure 3, and the applied loads 
can be found in Table 1. The notches cover a significantly large part of the pipes’ circumference. 
Remarkably, no crack growth in the circumferential direction was noticed during the performed four point 
bending fatigue test, as long as the crack did not propagate through the wall thickness of the pipe. 

 

Table 1. Dimensions of the notches and the applied loads by P.K. Singh et al. [12] 

D0 (mm) t (mm) 2c (mm) a (mm) Load (kN) R 2c/a a/t 2c/(D0π) grow through wall

219 15,58 114,3 2,01 200 0,1 56,87 0,13 0,17 273000

219 15,38 113,4 1,97 250 0,5/0,3 57,56 0,13 0,16 869000

219 15,12 110 3 200 0,5 36,67 0,20 0,16 572000

219 15,38 113 3,5 160 0,1 32,29 0,23 0,16 104000

219 15,17 113,8 5,98 200 0,5 19,03 0,39 0,17 252000

219 15,13 113,2 5,5 160 0,1 20,58 0,36 0,16 ---

 

 

In a previous study, a pipe was tested, using the resonant bending fatigue setup at Labo Soete [7]. The 
dimensions of pipe and notches, together with the applied load amplitude can be found in Table 2. In this 
test, circumferential crack growth was noticed before the height of the crack reached the wall thickness. 
More detailed investigation is necessary to characterise the direction of crack growth and the corresponding 
shape of the crack front in detail. 
 

Table 2. Dimensions of pipe and notches together with the applied loads by Labo Soete 

Stress

Do (mm) t (mm) 2c (mm) a (mm) amplitude (Mpa) R 2c/a a/t 2c/(Doπ) 

323,9 23,9 37 7 83,3 -1 5,29 0,29 0,036

323,9 23,9 45 8 66,5 -1 5,63 0,33 0,046

323,9 23,9 39 8 71,7 -1 4,88 0,33 0,041  

 

When comparing the results obtained by Singh et al. and laboratory Soete, it must be noticed that a wide 
initial crack will grow less in the circumferential direction as compared to a narrow crack. However there are 
several differences to the other crack dimensions and applied load. The notches used at laboratory Soete 



have shorter lengths and a rotating load, were as Singh et al. use long notches with a cyclic load. This 
makes it rather difficult to make a good comparison.  

5 DETERMINING CRACK INITIATION AND GROWTH 

When conducting fatigue tests on a pipe, not only a well controlled load must be applied, the crack initiation 
and growth should also be accurately determined. There are several methods available, each with their 
own limitations. The most established methods for crack detection and sizing are visual inspection, dye 
penetrant inspection, magnetic particle inspection, leak tests, ultrasonic inspection and radiographic 
inspection [7,13-18]. As the principles of these methods are considered to be well known, the focus will be 
on some possibly less common methods. 

5.1 Beach marking 

The beach marking method is executed during the propagation stage of a fatigue test. During the fatigue 
test, the maximum applied load is kept constant. At a number of predefined moments during the 
propagation stage, the minimum applied load is changed. This changes the KI, and according to the Paris 
law (eq. 3), this causes changes in the crack growth rate. After the fatigue test and a subsequent brittle 
fracture of the remaining uncracked material, those changes in crack growth rate can be seen as 
differences in the surface roughness, the so-called beachmarks. Lines on the crack surface will represent 
the different crack fronts during the propagation phase (See Figure 6), and allow to quantify crack growth 
rates. [19] 

 

Figure 6. Fracture surface with beach marks [19] 

5.2 Crack opening displacement 

By measuring the transverse crack opening during a fatigue test, it becomes possible to estimate the depth 
of the crack through a correlation method [20, 21]. The transverse crack opening can be measured using a 
clip gage or LDVT. The need for knowledge of the correlation between transverse crack opening and crack 
depth, imposes a major restriction on this method. With regard to the resonant bending fatigue setup, the 
use of a clip gage or LDVT is rather difficult because of the large accelerations of the pipe. 

5.3 Eddy current testing 

In the execution of this method, a primary magnetic field is applied to the material by the use of a coil. This 
causes eddy currents in the material, which in turn are causing a secondary magnetic field. Cracks in the 
material will disturb the eddy currents and the secondary magnetic field. Thus by measuring changes in the 
secondary magnetic field, cracks can be detected [22]. The method is rather suited for crack detection then 
for crack sizing. With this technique it is possible to not only detect surface flaws, but also internal defects 
within a limited distance of the surface.  

5.4 Alternating current field measurement (ACFM) 

A similar method is the alternating current field measurement. Again eddy currents are generated by a coil. 
Instead of measuring the secondary field, whit this method the potential differences over a surface are 
measured. When a crack is present, this will result in a larger potential drop, making detection of cracks 
possible. Cracks with depths of less then 1 mm can be detected, with an accuracy of 0,3 mm [23]. 

5.5 Electrical resistance based methods (DCPD/ACPD) 

With this method, a direct (DCPD) or alternating (ACDP) electrical current is injected in the material. When 
an internal crack or a surface crack is present, the electrical resistance around the crack is increased, 
causing a greater potential drop. 

When using the ACPD method, an additional effect takes places: the ‘skin-effect’ [24]. This effect will cause 
the current to flow within a thin layer adjacent to the surface. The thickness of the thin current layer can be 



adjusted by changing the frequency of the current. Since the current only flows close to the surface, a 
surface crack will cause a larger potential drop, compared to the DCPD method. This technique allows for 
crack sizing, but is less suited for crack detection. 

5.6 Thermographic measurements 

This technique is based on the measurements of temperature differences around defects at the surface of a 
component, using an infrared camera. There are several ways to cause temperature differences around 
cracks. 

A first method is vibrothermography [25] in which the component is subjected to mechanical vibration. 
Those vibrations will cause heat generation at defects through friction. 

It is also possible to create temperature differences by inductive heating [26-29]. A coil with an alternating 
current is brought into the proximity of the component’s surface. The alternating current causes eddy 
currents within the material. Due to the higher electric resistance around cracks, the material will heat up in 
the proximity of a crack. This is illustrated in Figure 7. 

 

Figure 7. Principles of inductive thermography [29] 

A last way to create temperature differences is through cyclic deformation of the component [30, 31]. From 
the energy necessary for deformation of a component during a fatigue test, only 5 to 10% is used for 
irreversible structural changes within the material. The remaining part is dissipated as heat. 

When a fatigue test is performed with a low frequency, the dissipated power is low and consequently the 
temperature differences are also low. Medgenberg and Ummenhofer [30] have performed fatigue tests 
under axial tension with a frequency of 15 Hz, while measuring the temperature differences over the tested 
component. The temperature difference they measured was rather small, about 15 mK. In the resonant 
bending setup, the excitation frequency may be up to 40Hz. At those frequencies there is a higher heat 
generation is expected. It might be clear that accurate measurement equipment is needed. 

5.7 Analysis of stiffness changes 

When a crack is present in a component, this leads to a decrease in its stiffness. This results in a decrease 
of the eigenfrequenties of the component, as well as in an increase of the deflection corresponding to a 
certain predefined load. The changes in eigenfrequencies can be measured using accelerometers and 
dynamic strain gauges after excitation of the pipe with an impact [32]. An increase of the deflection of the 
pipe can be measured, using a photogrammetric system, like the Pontos system [33]. Inverse methods can 
be used to correlate the output to stiffness change and crack depth. 

6 CONCLUSIONS 

In this paper, analytical, numerical and experimental methods for determination of KI for a semi-elliptical 
surface notch in a pipe subjected to bending is discussed. The resonant bending fatigue setup available at 
Laboratory Soete is briefly discussed. A satisfactory agreement between the theoretical model describing 
the deflection of the pipe during bending and the measured deflection is found. When the excitation 
frequency comes into the proximity of the resonance frequency of the pipe, the accuracy of the theoretical 
model is reduced, due to not taking into account the damping of the pipe. Several methods to determine 
crack initiation and growth during a fatigue test are discussed. Finally an overview of numerical and 
experimental results related to the fatigue behaviour of pipes, obtained by other authors, is given. 

With respect to the continuation of this research, a pipe will be tested using the resonant bending fatigue 
setup. Different notches will be applied to the pipe. It is also intended to numerically determine the SIFs 
along the crack front. During the fatigue test the beach marking method will be used to measure the crack 
growth. A challenge is to execute a resistance based measuring method, to give online information during 
the fatigue test. 



7 NOMENCLATURE 

a crack depth    m 

A crack area/ crack surface    m² 

C material constant    - 

Cp heat capacity at constant pressure   J/(kg.K) 

E Young’s modulus    GPa 

F work done by external forces    J 

Fi body force    N/m³ 

J energy release rate    J/m² 

k thermal conductivity    W/(m.K) 

Ki stress intensity factor    mMPa  

m material constant    - 

s ellipse shift factor    - 

T temperature    K 

Ti components of stress vector on the contour Г  N/m² 

T0 reference temperature    K 

ui displacement vector    m 

U elastic energy    J 

w strain energy density    J/m³ 

W energy necessary for crack growth   J 

α crack aspect ratio    - 

αt crack aspect transition ratio    - 

αT coefficient of thermal expansion    - 

Г arbitrary contour    - 

ɛii elastic strain tensor    - 

ɛp plastic strain tensor    - 

ν Poisson’s ratio    - 

ξ relative crack depth    - 

ρ mass density    kg/m³ 

σ stress    MPa 

σ stress tensor    MPa 

σbg maximum outer fibre bending stress   MPa 

σy stress distribution perpendicular to the crack front  MPa 
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